Abstract--This paper is concerned with the partial difference equation
INTRODUCTION
Recently, there are many papers that have been devoted to the development of qualitative theory of difference equations [1] [2] [3] [4] [5] [6] [7] [8] . Their significance is illustrated in applications involving random walk problems and numerical difference approximation problems, etc.
In this paper, we consider the difference equation of the form Am+l,n + Am,n+1 -Am,n + P,~,~Am-k,~-I = 0, m, n = 0, 1,2,...,
where k and l are two positive integers, {P-~,n} is a real double sequence.
By a solution of (1) we mean a nontrivial double sequence, {Am,n}, which is defined for m > -k and n > -l, and satisfies (1) for m > 0 and n > 0.
A solution {Am,N} of (1) In particular, Zhang et al. [4, 5] (2)
.
... ~ (k + l + j V "~2k+zl
Obviously, (5) and (6)improve (2) and (3), respectively. Based on the existing literature, in this paper, we shall be interested in obtaining oscillation criteria and establish some new oscillation criteria for equation (1) . In view of (4), without loss of generality, we may assume that rn--1 n--1 E E Pi,j < 1, for all large m and n.
i=m--k j=n-l
Define two set sequences {f~J}~=l and {Aj}~¢=I as follows:
oc Aj = U ~i, j = 1, 2,.... 
PREPARATORY LEMMAS
In 1999, Tian and Zhang [7] discuss a strengthened oscillation of equation (1), called frequent oscillation. Since frequent oscillation implies usual oscillation, the obtained frequent oscillation criteria in [7] are also oscillation ones of (1). For example, one of the criteria in [7] is that every solution of (1) oscillates if Pm,n > 0 eventually and 
It is easy to see that ql < E and ql < q2. Assume that qs < E and q~ < %+1-Then,
Hence, q~ < E and {q~} is a bounded increasing sequence, i.e., ql < q2 < "'" < E _< 1. Thus, lim~--,o~ q~ = Q exists. In view of (11), Q(1 -q(1 + Q)) = q. Hence, F(q) = Q. The following two lemmas are taken from [5] . 
The following lemma is essentially taken from [7] . PaOOF. If we take ~-= k + l, then from Lemma 3,
Am-i,n+l ~__
Epm-x÷s,o÷l÷,
Hence, from (12), we have
Am-lm+l>-(1-~q) Am,,~,
for any (m, n) E Ad.
If q _< 1/3, then from (12) and the above inequality, for (m, n) E Ad+i, we get
In general, for any positive integer s, for (m, n) E Ad+., we have 
PROOF. In view of (13) 
then, R, is increasing and converges to a number t2 = f(aj3) >_ a, where f(afl) is a sma//er root of the equation
PROOF. In view of (14) and (15), it is obvious that a _< Ri < R2 and R1 _< f(a~). Assume that R~ _< R~+i and R~ <_ f(c~fl), u = 1,2,..., then (14) is relevant to aft. In case of confusion, {/~} is also denoted by R~ = R~(a/3) in the following.
MAIN RESULTS
In the following, f(q) and F(q) are defined as in Section 2. Then, every solution of (1) oscillates.
PROOF. Suppose, to the contrary, there exists an eventually positive solution (A~m} of (1) such Hence, for (re, n) E Ad-k-l, by using the well-known inequality between the arithmetic and geometric mean, from (19), we obtain
2kl H H (A'+I'jA"j+I)I/2 < H H 1 --p,,j Ai j i=m--k j=n--l
Ai j -
Ai-k,j-~ <_ I-~ Z Z p,,~ A,,~ i=m--k j=n--l
In view of (1) (17) and (18), we may take a small number z > 0 such that 
~ 1--~ E E pi,jAi-k'j-I i=m--k j=n--l

A.~-k,n-z > 2:~(1 + U(klq))(k%p)/(k+l) (A + 1) x+l 1
Am,~ -A ~ kl
tn view of (20), (22), and (23), for (m, n) e Ad+2,
\ Am-k,n-I
Hence, for (m, n) e Ad+2,
In general, we may obtain (17) or (18) improve (5) and (2) .
Am-k,n-t > (Q~U (m,n) EAd+~
From Theorem 1, one can obtain the following corollary. 
for (m, n) C Ad+i, Hence, substituting the above inequality into (20), for (m, n) E Ad+2, we have 2kz( A.,,n ~ (k+O/2
Am-k,,~-t > 2~(1 + A) l+x 1
Am,~ -wA ~ kl
By induction, for (m, n) C Ad+r, we get
In general, we get
for (re, n) e Ad+~, u = 1,2,..., If kla e (1/3, 1), then U(kla) = V(kla) and/3~ =/3. Similar to the above proof, we also obtain a contradiction. 
where p,~,, = 0 for m = 2s and n = 2t, s, t = 0, 1, 2,..., and 
i=rn-k j=n-I
Hence, by the known results in [5, 7] , it is impossible to assert that every solution of (29) By Theorem 2, every solution of (30) oscillates. But, it is impossible to obtain the same conclusion from the results in [5] and [7] . 
where Pm,n = 0.005 for (re, n) ~ T, ;,%n = 0.01 for (rn, n) E T1, Pm,n -= 0 for (re, n) e T2, and p .. By Theorem 3, every solution of (31) is oscillatory. But, it is impossible to obtain the same conclusion from the results in [5, 7] .
